CERAMI (C) CONDITION AND MOUNTAIN PASS THEOREM FOR MULTIVALUED MAPPINGS

Alexandru Kristaly Csaba Varga^∗

1991 AMS Subject Classification. 58E05, 58E30.

Key words and phrases. critical point theory, mountain pass, multivalued functions, deformations.

1 Introduction

In the paper [11] is developed a critical point theory for multivalued mappings with closed graph. In this work we prove a general minmax result for multivalued mappings F with closed graph and as application we give an existence result of critical point of this mapping which satisfies the Cerami (C) condition.

Many papers has been devoted to prove the existence of the critical points provided that the respective functional satisfy the suitable Palais-Smale condition. In this work we can guarantee this fact assuming a weaker condition and in same time working with a very general class of functionals. From the viewpoint of the ”mountain pass” it is more natural to work on the graph of the functional than on its domain, see [11].

In order to obtain this result, the paper is organized as follows. In Section 2 we recall the notions which are used in the paper and we compare the weak slopes introduced in [11] and [7]. In Section 3 we prove the generalized Willem deformation lemma for continuous functionals and we introduce the notion of homotopy stability with boundary in the graphF . We also state a localization theorem. In Section 4 we extend for multivalued mappings a result from [6] which states a relation between the weak slopes if we change the metric of the graphF . Finally, in Section 5 using the Cerami (C) conditon for our case, we state the main result of this paper, i.e. the mountain pass type result for multivalued mappings, which is an extension of the theorem of Ghoussoub-Preiss, see [8], [13] .

∗Partially supported by the European Commission RTN HPRN–CT–1999–00118, Geometric Analysis

2 Preliminaries

We recall some definitions and results from the papers [7], [3] and [11].

Definition 2.1 Let (X,d) be a complete metric space and let f : X → R be a continuous function and u ∈ X a fixed element. We denote by |df|(u) the supremum of the σ ∈ [0, ∞[ such that there exist δ > 0 and a continuous map H : B(u, δ) × [0, δ] → R such that ∀v ∈ B(u, δ) for all t ∈ [0, δ] we have (a) d(H(v, t), v) ≤ t (b) f(H(v, t)) ≤ f(v) − σt The extended real number |df|(u) is called the weak slope of f at u. Definition 2.2 Let f : X → R ∪ {∞} be a lower semicontinuous function.

We define the function G_f : epi(f) → R putting epi(f) = {(u, ξ) ∈ X × R : f(u) ≤ ξ} and G_f (u, ξ) = ξ. In the following epi(f) will be endowed with the metric d_{ep}((u, ξ), (v, μ)) = (d(u, v)^2 + (ξ − μ)^2)^{12} .

Of course epi(f) is closed in X ×R and G_f is Lipschitz continuous of constant 1. Consequently |dG_f |(u, ξ) ≤ 1 for every (u, ξ) ∈ epi(f).

Proposition 2.3([7, Proposition 2.3]) Let f : X → R be a continuous function and let (u, ξ) ∈ epi(f). Then

|dG_f |(u, ξ) = |df|(u) √ 1 + |df|(u)^2 , if f(u) = ξand |df|(u) < ∞, 1, if f(u) < ξor |df|(u) = ∞. Theorem 2.4([3, Theorem 2.11]) Let (X, d) be a complete metric space and let f : X −→ R be a continuous function, C a closed subset of X and δ, σ > 0 such that d(u, C) ≤ δ =⇒ |df|(u) > σ. Then there exists a continuous map η : X × [0, δ] → X such that 1) d(η(u, t), u)) ≤ t, 2) f(η(u, t)) ≤ f(u),

3) d(u, C) ≥ δ =⇒ η(u, t) = u, 4) u ∈ C =⇒ f(η(u, t)) ≤ f(u) − σt. In the next let (X, d) be a metric space and let F : X → R be a multivalued mapping with closed graph and nonempty values. We denote by graphF = {(u, c) ∈ X × R | c ∈ F (u) }. The set graph F is a metric space endowed with the metric d_g ((u, b), (v, c)) = √ d^2(u, v) + |b − c|^2. Now, we recall the definition ofweak slope for F , see Frigon [11].

Definition 2.5 Let F : X −→ R be a multivalued mapping with closed graph and let (u, b) ∈ graphF be a point. The weak slope of F at (u, b), denoted by |dF |(u, b) is the supremum of σ ∈ [0, ∞[ such that there exists δ > 0 and a continuous function H = (H_1, H_2); B((u, b), δ) × [0, δ] −→ graphF, (where B((u, b), δ) is the open ball in graphF centered at (u, b) of radius δ) such that (2.1) d_g (H((v, c), t), (v, c)) ≤ t √ 1 + σ^2; (2.2) H_2((v, c), t) ≤ c − σt. Proposition 2.6 Let (u, b) ∈ graphF . Then

|dG_F |(u, b) ≥ |dF |(u, b) √ 1 + |dF |^2(u, b) , |dF |(u, b) < ∞ 1 , |dF |(u, b) = ∞ Proof If |dF |(u, b) = 0 , the relation is obvious. Otherwise, let 0 < σ < |dF |(u, b) and H = (H_1, H_2) : B((u, b), δ) × [0, δ] → graphF such that (2.3) d_g (H((v, c), t), (v, c)) ≤ t √ 1 + σ^2 (2.4) H_2((v, c), t) ≤ c − σt, if (v, c) ∈ B((u, b), δ) × [0, δ] ∩ graphF. Let H : B((u, b), δ) × [0, δ] → graphF be a function defined by H((v, c), t) = H((v, c), t √ 1 + σ^2 ). The function H is well defined. In fact H((v, c),^{t√}_{1+σ2} ) ∈ graphF and 0 ≤ t√ 1 + σ^2

≤ δ, for all t ∈ [0, δ]. Of course H is continuous. From the relation

(2.3) we get d_g (H((v, c), t), (v, c)) = d_g (H((v, c), t√ 1 + σ^2 ), (v, c)) ≤ t √ 1 + σ^2 √ 1 + σ^2 = t.

Thus we have (2.5) d_g (H((v, c), t), (v, c)) ≤ t.

Using the relation (2.4) we get G_F (H((v, c), t)) = G_F (H((v, c), t√ 1 + σ^2

)) = H_2((v, c), t√ 1 + σ^2 ) ≤ c − σ t√ 1 + σ^2 = G_F (v, c) − σ√ 1 + σ^2 t. Thus we have (2.6) G_F (H((v, c), t) ≤ G_F (v, c) − σ√ 1 + σ^2 t. Using the relations (2.5) and (2.6) we have |dG_F |(u, b) ≥ σ√ 1 + σ^2 . From this relation we have

|dG_F |(u, b) ≥ |dF |(u, b) √ 1 + |dF |^2(u, b) , |dF |(u, b) < ∞ 1 , |dF |(u, b) = ∞ 3 A minmax principle

In this section we prove the ”Quantitative deformation lemma” of Willem for continuous functionals and a general minmax result which will be used in the last section. We use the following notations: f^c = {x ∈ X| f(x) ≤ c} f_c = {x ∈ X| f(x) ≥ c} C_δ = {x ∈ X| d(x, C) ≤ δ}, δ > 0 Theorem 3.1 Let (X, d) be a complete metric space, f : X −→ R a continuous function, C a closed subset of X, c ∈ R and ε, λ > 0. Suppose that (3.0) C∩f^{c+ε′} ∩ f_{c−ε}′ ≠ ∅, where ε^′ = ε min{ε, λ} 2 √ 1 + ε^2 and (3.1) ∀u ∈ f^{−1}([c − 2ε, c + 2ε]) ∩ C_{2ε} =⇒ |df|(u) > ε. Then there exists a continuous map η : X × [0, 1] −→ X such that: a) d(η(u, t), u) ≤ λt, ∀t ∈ [0, 1], ∀u ∈ X, b) f(η(u, t)) ≤ f(u), ∀t ∈ [0, 1], ∀u ∈ X, c) if u ∉ f^{−1}([c − 2ε, c + 2ε]) ∩ C_{2ε} : η(u, t) = u, ∀t ∈ [0, 1] d) η(f^{c+ε′} ∩ C, 1) ⊂ f^{c−ε′} , e) ∀ t ∈]0, 1] and ∀ u ∈ f^c ∩ C we have f(η(u, t)) < c. Proof. First, we suppose that the function f : X −→ R is Lipschitz continuous with constant 1. We consider the set: (3.2) C^∗ := {u ∈ X|c − ε ≤ f(u) ≤ c + ε, d(u, C) ≤ ε }. Obvious the set C^∗ is a closed subset of X, and is not empty from (3.0). We observe that d(u, C^∗) ≤ ε implies u ∈ f^{−1}([c − 2ε, c + 2ε) ∩ C_{2ε}. In fact, since |f(v) − f(u)| ≤ 1 · d(u, v) for ∀u, v ∈ X we obtain −d(u, v) ≤ f(u) − f(v) ≤ d(u, v), ∀v ∈ C^∗.

Using this relation and the fact d(u, C^∗) ≤ ε we get c − 2ε ≤ f(u) ≤ c + 2ε. In a similar way, it’s easy to verify that d(u, C^∗) ≤ ε implies u ∈ C_{2ε} also.

Because ε > ε√ 1 + ε^2 from the above we obtain |df|(u) > ε√ 1 + ε^2

, for all u s.t. d(u, C^∗) ≤ ε. Now we can apply Theorem 2.4, for C := C^∗, δ := ε, σ := ε√ 1 + ε^2

. We get a

continuous function η^′ : X ×[0, ε] −→ X which satisfies the conditions 1)-4) from Theorem 2.4. Let λ_1 := min{λ, ε} and define the function η : X × [0, 1] −→ X by η(u, t) = η^′(u, λ_1t). The properties a) and b) are obvious. If u ∉ f^{−1}([c − 2ε, c + 2ε]) ∩ C_{2ε} and since f is a Lipschitz function with constant 1, we have d(u, C^∗) > ε and using 3) from Theorem 2.4 we get η(u, t) = u. For the proof of d) we distinguish two cases:

(3.3) If u ∈ f^{c+ε′} ∩ C and f(u) ≥ c − ε^′ it follows that u ∈ C^∗, hence we have f(η(u, 1)) = f(η^′(u, λ_1)) ≤ f(u) − ελ_1 √ 1 + ε^2 ≤ c + ε^′ − ελ_1 √ 1 + ε^2 = c − ε^′. (3.4) If u ∈ f^{c+ε′} ∩ C and f(u) < c − ε^′, then from b) we get f(η(u, 1)) ≤ f(u) < c − ε^′. For the proof of e) we use also the 4) from Theorem 2.4.

Now we consider the general case. For this let C^{∗∗} = {(u, ξ) ∈ epi(f)| u ∈ C}. The set epi(f) is closed in X × R and it follows that epi(f) is a complete metric space with the metric d_{ep}. In the next we prove that for every (u, ξ) ∈ epi(f) with (u, ξ) ∈ G^{−1}_f ([c − 2ε, c + 2ε]) ∩ C^{∗∗}_{2ε} , we have |dG_f |(u, ξ) > ε√ 1 + ε^2 . We distinguish two cases:

I) Let f(u) = ξ. In this case we have two subcases.

a) |df|(u) < ∞. If (u, f(u)) ∈ G^{−1}_f ([c−2ε, c+2ε])∩C^{∗∗}_{2ε} , then we get u ∈ f^{−1}([c− 2ε, c+2ε]) and d_{ep}((u, f(u)), C^{∗∗}) ≤ 2ε. Since d(u, C) ≤ d_{ep}((u, f(u)), C^{∗∗}) ≤ 2ε we get u ∈ f^{−1}([c − 2ε, c + 2ε]) ∩ C_{2ε} and using (3.1) it follows that |df|(u) > ε.

Since |df|(u) < ∞ from Proposition 2.3 we have |dG_f |(u, f(u)) = |df|(u)√ 1 + |df|^2(u) and using the fact that the function x → x√ 1 + x^2 is increasing we have |dG_f |(u, f(u)) > ε√ 1 + ε^2 . b) If |df|(u) = ∞ using Proposition 2.3 we get |dG_f |(u, f(u)) = 1 > ε√ 1 + ε^2 . II) If f(u) < ξ, then from Proposition 2.3 we have |dG_f |(u, ξ) = 1 > ε√ 1 + ε^2 also.

From these we get that if (u, ξ) ∈ G^{−1}_f ([c − 2ε, c + 2ε]) ∩ C^{∗∗}_{2ε} then |dG_f |(u, ξ) > ε √ 1 + ε^2 .

We apply the previous step for X := epi(f), f := G_f and C := C^{∗∗}, using the fact that G_f is Lipschitz continuous with constant 1. Of course C^{∗∗} ∩ G^{c+ε′}_f ∩ (G_f )_{c−ε}′ ≠ ∅. Then there exists a continuous mapping η := (η_1, η_2) : epi(f) × [0, 1] −→ epi(f) such that the following hold: (3.5) d_{ep}((η(u, ξ), t), (u, ξ)) ≤ λt, ∀ (u, ξ) ∈ epi(f), ∀ t ∈ [0, 1]; (3.6) G_f (η(u, ξ), t) = η_2((u, ξ), t) ≤ ξ = G_f (u, ξ), for all(u, ξ) ∈ epi(f), and ∀ t ∈ [0, 1];

(3.7) η((u, ξ), t) = (u, ξ) for every (u, ξ) ∈ epi(f), t ∈ [0, 1] with(u, ξ) ∉ G^{−1}_f ([c − 2ε, c + 2ε]) ∩ C^{∗∗}_{2δ} ; (3.8) η(G^{c+ε′}_f ∩ C^{∗∗}, 1) ⊂ G^{c−ε′}_f ; (3.9) G_f (η((u, ξ), t)) < c for every t ∈]0, 1] and ∀ (u, ξ) ∈ G^c_f ∩ C^{∗∗}.

We define the function η : X × [0, 1] −→ X by (3.10) η(u, t) = η_1((u, f(u)), t).

Because η takes its values in epi(f), we have (3.11) f(η_1((u, f(u)), t)) ≤ η_2((u, f(u)), t) From (3.5) we have: d(η(u, t), u) = d(η_1((u, f(u)), t), u) ≤ ≤ [d^2((η_1(u, f(u)), t), u) + (η_2((u, f(u)), t) − f(u))^2]^{12} = = d_{ep}(η((u, f(u)), t), (u, f(u))) ≤ λt. From the relations (3.6) and (3.11) we get f(η(u, t)) = f(η_1((u, f(u)), t)) ≤ η_2((u, f(u)), t) ≤ f(u). From u ∉ f^{−1}([c−2ε, c+2ε])∩C_{2ε} we have (u, f(u)) ∉ G^{−1}_f ([c−2ε, c+2ε])∩C^{∗∗}_{2ε} . Therefore if u ∉ f^{−1}([c − 2ε, c + 2ε]) ∩ C_{2ε}, then from (3.8) we get η(u, t) = η_1((u, f(u)), t) = u.

If f(u) ≤ c + ε^′ then from (3.8) and (3.11) we get f(η(u, 1)) = f(η_1(u, f(u)), 1) ≤ η_2((u, f(u)), 1) ≤ c − ε^′. From (3.9) and (3.11) we get the relation e).

Definition 3.2 Let B be a closed subset of graphF. We shall say that the class F of subsets of graphF is homotopy stable with boundary B, if the following conditions hold:

a) every set of F contains B;

b) for every set A ∈ F and for every continuous η : graphF × [0, 1] −→ graphF satisfying η = id on (graphF ×{0})∪(B ×[0, 1]) we have that η(A, 1) ∈ F. Definition 3.3We say that the set G ⊂ graphF is dual to F if G verifies the following conditions:

1) d_g (G, B) > 0, where the d_g means the distance between B and G

2) G ∩ A ≠ ∅, for all A ∈ F.

We define the following function π_R : graphF −→ R given by π_R(u, c) = c, where (u, c) ∈ graphF. Theorem 3.4 Let (X, d) be a complete metric space, F : X → R be a multivalued mapping with closed graph and nonempty values. We consider a stable family F of subset of graphF with boundary B, and let G be a set dual to F which verifies the following condition (3.12) inf π_R(G) ≥ inf_{A∈F} sup π_R(A) = c, where the number c is finite.

Let ε ∈ (0, d_g (B, G) 3 ). Then for every A ∈ F which verifies the relation (3.13) sup π_R(A ∩ G_ε) ≤ c + ε^2 2 √ 1 + ε^2 there exists (x_ε, c_ε) ∈ graphF such that the following assertions holds:

a) c − 2ε ≤ c_ε ≤ c + 2ε; b) |dF |(x_ε, c_ε) ≤ ε; c) d_g ((x_ε, c_ε), A) ≤ 2ε; d) d_g ((x_ε, c_ε), G) ≤ 3ε.

Proof. From the definition of the number c, it’s result that there exists an A ∈ F such that we have:

sup π_R(A ∩ G_ε) ≤ c + ε^2 2 √ 1 + ε^2 . The properties a)-d) are equivalent with the following implication:

∃(x_ε, c_ε) ∈ G^{−1}_F ([c − 2ε, c + 2ε]) ∩ G_{3ε} ∩ A_{2ε} such that |dF |(x_ε, c_ε) ≤ ε.

We suppose the contrary, i.e. ∀(v, b) ∈ G^{−1}_F ([c − 2ε, c + 2ε]) ∩ G_{3ε} ∩ A_{2ε} we have |dF |(v, b) > ε. We consider the set C := A ∩ G_ε. We have C_{2ε} ⊂ A_{2ε} ∩ G_{3ε} and (3.14) ∀ (v, b) ∈ G^{−1}_F ([c − 2ε, c + 2ε]) ∩ C_{2ε} : |dF |(v, b) > ε. If we use Proposition 2.6, then for every (v, b) ∈ G^{−1}_F ([c − 2ε, c + 2ε]) ∩ C_{2ε} : |dG_F |(v, b) > ε √ 1 + ε^2 . Since (X, d) is a complete metric space and graphF is closed in X × R we have that (graphF, d_g ) is a complete metric space. We need to prove that

C ∩ G^{c+ε′}_F ∩ (G_F )_{c−ε}′ ≠ ∅, where ε^′ = ε^2 2 √ 1 + ε^2

. We observe that C ⊂ G^{c+ε′}_F

(from (3.13) and from the continuity of G_F ). Therefore it’s remain to prove that C ∩ (G_F )_{c−ε}′ ≠ ∅. If not, sup π_R(A ∩ G_ε) ≤ c − ε^′. From this, we get c ≤ inf π_R(G) ≤ inf π_R(A ∩ G) ≤ sup π_R(A ∩ G) ≤ sup π_R(A ∩ G_ε) ≤ c − ε^′, contradiction. Since the function G_F is continuous, we apply Theorem 3.1, and we get a continuous function η := (η_1, η_2) : graphF × [0, 1] → graphF which satisfies the following properties:

a’) d_g (η((v, b), t), (v, b)) ≤ εt; b’) η_2((v, b), t) ≤ b for every (v, b) ∈ graphF, and t ∈ [0, 1]; c’) if (v, b) /∈ G^{−1}_F ([c − 2ε, c + 2ε]) ∩ C_{2ε} then we have η((v, b), t) = (v, b); d’) η(G^{c+ε′}_F ∩ C, 1) ⊂ G^{c−ε′}_F . Let A_1 = η(A, 1). From a’) we have η((v, b), 0) = (v, b) for every (v, b) ∈ graphF . From the relation c’) we have η((v, b), t) = (v, b) for all t ∈ [0, 1] and for all (v, b) ∈ B, since we have B ⊂ C_{graphF} C_{2ε}. If this relation does not hold, then there exists (v, b) ∈ B such that (v, b) ∈ C_{2ε}. But we have 2ε = 3ε − ε < d_g (B, G) − ε ≤ d_g (B, G_ε) ≤ d_g (B, A ∩ G_ε) = d_g (B, A ∩ G_ε) ≤ 2ε, which is a contradiction. Therefore B = η(B, 1) ⊂ η(A, 1) = A_1. Using the definition of homotopy stable family, we have A_1 = η(A, 1) ∈ F. We have η(A, 1) ∩ G ⊂ η(A ∩ G_ε, 1). In fact, if x ∈ η(A, 1) ∩ G, then there exists y ∈ A such that x = η(y, 1) ∈ G. But from the relation a’) we have that d_g (η(y, 1), y) ≤ ε, therefore y ∈ G_ε. Hence, x = η(y, 1) ∈ η(A ∩ G_ε, 1). Using the relations d’) and (3.13) we have (3.15) A_1 ∩ G = η(A, 1) ∩ G ⊂ η(A ∩ G_ε, 1) ⊂ η(A ∩ G_ε ∩ G^{c+ε′}_F , 1) ⊂ G^{c−ε′}_F . From the relations (3.15) and (3.12) we get

c ≤ inf π_R(G) ≤ inf π_R(A_1 ∩ G) ≤ c − ε^′,

which is a contradiction.

An imediate consequence of this result is the following which will be used in the next section.

Corollary 3.5 Let (X, d) be a complete metric space, F : X → R be a multivalued mapping with closed graph and nonempty values. We consider a homotopy stable family F with boundary B, and let G be a set dual to F which verifies the following condition

(3.16) inf π_R(G) ≥ inf_{A∈F} sup π_R(A) = c,

where the number c is finite. Then there exists a sequence (u_n, c_n) ∈ graphF , such that the following assertions holds: a) c_n −→ c; b) |dF |(u_n, c_n) −→ 0; c) d_g ((u_n, c_n), G) −→ 0.

Remark 3.6 Theorem 3.4 and Corollary 3.5 generalize a large class of location results and with the suitable (P S)_c condition it’s possible to state classical existence results of critical points, see the papers of H. Brézis and L. Nirenberg [1], G. Fang [9], N. Ghoussoub [12].

4 Changing the metric

In this section we extend for multivalued functional a result of Corvellec from the paper [6], which state a relation between the weak slopes of the multivalued functionals if we change the metric of the metric space. The main result of this section is the following.

Theorem 4.1 Let (X, d) be a complete metric space, F : X −→ R a multivalued map with closed graph, Ã ⊂ graphF , nonempty subset and β : [0, ∞[−→]0, 1] be a continuous function. Then there exists a metric d̃ on graphF which is topologically equivalent to d_g (denoted again by d) and the following assertions are true:

a) For every B ⊂ graphF we have d̃(Ã, B) ≥ ∫_{d(B,}~_{A)} 0 β(t)dt. Therefore, if ∫_∞ 0 β(t)dt = ∞, then (graphF, d̃) is complete if and only if (graphF, d) is complete.

b) If we denote by |d̃F | the weak slope of F with respect to the metric d̃, then we have |d̃F |(u, c) ≥ |dF |(u, c) β(d((u, c), Ã)) , for every (u, c) ∈ graphF . Proof. We follow the proof from [6, Theorem 4.1]. The assertion a) is same as [6, Theorem 4.1] for X := graphF , β : [0, ∞[−→]0, 1], with d̃((u, c), (v, b)) = inf{ ∫_1 0 β(d(γ(t), Ã)) · ‖γ^′(t)‖dt|γ ∈ Γ_{(u,c),(v,b)}}, where d is the metric associated to the norm of Y; Y being the Banach space such that graphF is isometrically embedded into, see [10, Theorem of Arens - Eells] and Γ_{(u,c),(v,b)} is the set of C^1- paths γ : [0, 1] −→ Y with γ(0) = (u, c), γ(1) = (v, b). b) Let (u, c) ∈ graphF fixed, and assume that |dF |(u, c) > σ > 0. Let δ > 0 and H = (H_1, H_2) : B((u, c), δ) × [0, δ] −→ graphF continuous such that (4.1) ‖H((v, b), t) − (v, b)‖ ≤ t · √ 1 + σ^2 (4.2) H_2((v, b), t) ≤ b − σ · t. Let ε > 0 be a positive number such that β_ε(d((u, c), Ã)) ≤ 1, where β_ε(d((u, c), Ã)) = { β(d((u, c), Ã)) + ε, if β(d((u, c), Ã)) < 1 1, if β(d((u, c), Ã)) = 1. We suppose that δ is sufficiently small, such that β(d((v, b), Ã)) ≤ β_ε(d((u, c), Ã)), for all (v, b) ∈ B((u, c), δ(1 + √ 1 + σ^2)).

Let 0 < δ̃ ≤ δβ_ε(d((u, c), Ã)) such that B̃((u, c), δ̃) ⊂ B((u, c), δ), and let H̃ = (H̃_1, H̃_2) : B̃((u, c), δ̃) × [0, δ̃] −→ graphF , defined by H̃((v, b), t) = H((v, b), t β_ε(d((u, c), Ã)) ). For ((v, b), t) ∈ B̃((u, c), δ̃) × [0, δ̃] and s ∈ [0, 1] we define the curve γ by γ(s) = (v, b)+s(H̃((v, b), t)−(v, b)). We observe that γ(s) ∈ B((u, c), δ(1+ √ 1 + σ^2)) for every s ∈ [0, 1]. In fact, since (v, b) ∈ B̃((u, c), δ̃), follows that ‖(v, b)−(u, c)‖ ≤ δ and ‖H̃((v, b), t) − (v, b)‖ = ‖H((v, b), t β_ε(d((u, c), Ã)) ) − (v, b)‖ ≤ δ̃ β_ε(d((u, c), Ã)) · √ 1 + σ^2 ≤ δ · √ 1 + σ^2.

From the relations (4.1) and (4.2) we obtain: d̃(H̃((v, b), t), (v, b)) ≤ ∫_1 0 β(d((γ(s), Ã))·‖γ^′(s)‖ds = ∫_1 0 β(d((γ(s), Ã))‖H̃((v, b), t)− (v, b)‖ ≤ ∫_1 0 β(d(γ(s), Ã) · t β_ε(d((u, c), Ã)) · √ 1 + σ^2ds ≤ t · √ 1 + σ^2 ≤ t · √ 1 + ( σ β_ε(d((u, c), Ã)) )^2.

For the component H̃_2 we have H̃_2((v, b), t) = H_2((v, b), t β_ε(d((u, c), Ã)) ) ≤ b − σ β_ε(d((u, c), Ã)) · t. It follows that |d̃F |(u, c) ≥ σ β_ε(d((u, c), Ã)) , hence |d̃F |(u, c) ≥ σ β(d((u, c), Ã)) , since ε > 0 is arbitrary small. From this we have |d̃F |(u, c) ≥ |dF |(u, c) β(d((u, c), Ã)) . 5 Mountain Pass Theorem

In this section we give a generalization and a simplified proof of a result of Ghoussoub and Preiss for multivalued mappings which satisfies the Cerami (C) condition.

Theorem 5.1 Let X be a Banach space, and F : X −→ R a multivalued function with closed graph and nonempty values. Let F be a homotopy stable family of graphF with boundary B and G a set dual to F. We suppose that the condition (3.16) holds and the number c is finite. Then there exists a sequence (u_n, c_n) ∈ graphF , such that: a) c_n −→ c; b) (1 + ‖u_n‖) · |dF |(u_n, c_n) −→ 0; c) d((u_n, c_n), G) −→ 0.

Proof. We apply Corollary 3.5 with the metric d̃, defined in Theorem 4.1, where

β(t) = 11 + t , t > 0. We observe that

∫_1 0 β(t)dt = ∞, therefore (graphF, d̃) is a complete metric space, and from Theorem 4.1 b) we have that |d̃F |(u, c) ≥ |dF |(u, c) β(d((u, c), Ã)) = (1 + d((u, c), Ã)) · |dF |(u, c), where Ã is a fixed subset of graph F.

From Corollary 3.5, follows the existence of a sequence (u_n, c_n) ∈ graphF such that c_n −→ c, |d̃F |(u_n, c_n) → 0 and d̃((u_n, c_n), G) → 0.

We choose Ã = (0, F (0)). Using the inequality d((u, c), Ã) = √ ‖u‖^2 + dist(c, π_R(Ã)) ≥ ‖u‖ and the fact that the metric d̃ is equivalent with the metric d, we get that (1 + ‖u_n‖) · |dF |(u_n, c_n) −→ 0 and d((u_n, c_n), G) −→ 0. Definition 5.2 A closed subset F_1 ⊂ graphF separates two point (u_0, c_0) and (u_1, c_1) in graphF , if (u_0, c_0) and (u_1, c_1) belong to disjoint connected components in graphF \ F_1.

The main result of this section is the following result.

Theorem 5.3 Let X be a Banach space, F : X −→ R be a multivalued mapping with closed graph and nonempty values, and (u_0, c_0), (u_1, c_1) two points in the same liniar connected component of graphF . Let

Γ = { g ∈ C([0, 1], graphF ) | g(0) = (u_0, c_0), g(1) = (u_1, c_1) }

and we consider the number γ := inf_{g∈Γ} max_{t∈[0,1]} π_R(g(t)) which is finite. Suppose that

the set D_γ = { (x, b) ∈ graphF ‖ b ≥ γ } separates the points (u_0, c_0), (u_1, c_1). Then there exists a sequence (x_n, b_n) ∈ graphF such that the following assertions hold: a) b_n −→ γ; b) (1 + ‖x_n‖) · |dF |(x_n, b_n) −→ 0; c) d((x_n, b_n), D_γ ) −→ 0.

Proof. We observe that F = Γ is homotopy stable with boundary B = {(u_0, c_0), (u_1, c_1)}. In fact, for every g ∈ Γ we have from the definition B ⊂ g([0, 1]) and for any g ∈ Γ and η ∈ C(graphF × [0, 1], graphF ), verifying η = id on (graphF · {0}) ∪ B × [0, 1] it follows that g_1(t) = η(g(t), 1) is continuous and g_1(0) = η(g(0), 1) = η((u_0, c_0), 1) = (u_0, c_0) and g_1(1) = (u_1, c_1). Therefore g_1 ∈ Γ. Moreover, the set D_γ is dual to F. Indeed, since D_γ separates the points (u_0, c_0) and(u_1, c_1) we have that D_γ ∩ B = ∅. Using the fact that the set D_γ = G^{−1}_F ([γ, ∞)) is closed and B is compact, we have d(B, D_γ ) > 0. From the definition of γ we get that D_γ ∩ g([0, 1]) ≠ ∅ for all g ∈ Γ. In conclusion we have that D_γ is dual to F. Since inf π_R(D_γ ) ≥ γ, from Theorem 5.1 follows the existence of a sequence (x_n, b_n) ∈ graphF such that a) b_n −→ γ; b) (1 + ‖x_n‖) · |dF |(x_n, b_n) −→ 0; c) d((x_n, b_n), D_γ ) −→ 0.

The above result is an extension of Ghoussoub-Preiss result for multivalued mapping, see [8, Theorem 6., p.140 ].

Definition 5.4(Condition (C)) Let X be a normed space and F : X −→ R be a multivalued mapping with closed graph, G ⊂ graphF a closed subset. We say that F satisfies the condition (C) at level γ ∈ R around G if for every sequence (x_n, c_n) ∈ graphF which satisfy c_n −→ γ d((x_n, c_n), G) −→ 0 (1 + ‖x_n‖) · |dF |(x_n, c_n) −→ o has a convergent subsequence, which converge to a critical point of F on the level γ, i.e. (x_n, c_n) −→ (x, c) ∈ G, and |dF |(x, γ) = 0. The following result is an immediate consequence of Theorem 5.3 and generalize the ”Mountain Pass ” theorem of Ambrosetti-Rabinowitz, see [8, Corollary 9., p. 145 ].

Theorem 5.5 Let X be a Banach space, F : X −→ R a multivalued mapping with closed graph and nonempty values. Let (u_0, c_0), (u_1, c_1) two points in the same connected component of graphF , and define

Γ = { g ∈ C([0, 1], graphF ) | g(0) = (u_0, c_0), g(1) = (u_1, c_1) }

γ := inf_{g∈Γ} max_{t∈[0,1]} π_R(g(t)).

Assume that F satisfies the condition (C) at level γ for graphF, and we have

(5.1) γ > max{c_0, c_1}.

Then there exists a critical point of F at level γ, i.e.there exists (x, γ) ∈ graphF such that |dF |(x, γ) = 0.

Proof. The relation (5.1) and the definition of γ implie, that D_γ = { (x, b) ∈ graphF | b ≥ γ } separates the points (u_0, c_0) and (u_1, c_1). If we apply Theorem 5.3 with the condition (C) we get the assertion.

References

[1] H. Brézis and L. Nirenberg Remarks on finding critical points, Comm. Pure Appl. Math. 64 (1991), 939-963.

[2] G. Cerami, Un criterio di esistenza per i punti critici su varieta illimitate, Rend. Accad. Sc. Lett. Istit. Lombardo, 112 (1978), 332-336.

[3] J.-N. Corvellec, M. Degiovanni and M. Marzocchi, Deformation properties for continuous functionals and critical point theory, Top. Meth. in Nonl. Anal., 1 (1993), 151-171.

[4] J.-N. Corvellec, A General Approach to the Min-Max Principle, J. Math.

Anal. Appl., 16 (1997), No.2, 405-433.

[5] J.-N. Corvellec, Morse theory for continuous functionals, Journ. of Math.

Anal. and Appl., 196 (1995), 1050-1072.

[6] J.-N. Corvellec, Quantitative deformation theorem and critical point theory, Pacific Journal of Mathematics, Vol. 187, No. 2 (1999) 263-279.

[7] M. Degiovanni, M. Marzocchi, A critical point theory for nonsmooth functionals. Ann. Mat. Pura Appl.,167 (1994), 73-100.

[8] I. Ekeland, Convexity methods in Hamiltonian mechanics, Springer Verlag, 1990

[9] G. Fang, On the existence and the classification of critical points for nonsmooth functionals, Can. J. Math. 47 (4), 1995, 684-717.

[10] H. Federer, Geometric measure theory, Springer Verlag, 1969

[11] M. Frigon, On a critical point theory for multivalued functionals and applications to partial differential inclusions, Nonlinear Analysis Theory, Methods and Applications, 31 (1998), No. 5/6, 735-753.

[12] N. Ghoussoub, Location, multiplicity and Morse indices of min-max critical points, Journal reine angew. Math. 417 (1991), 27-76.

[13] N. Ghoussoub and D. Preiss, A general mountain pass principle for locating and classifying critical points, Ann. Inst. H. Poincaré Anal. Nonlinéare,6 (1989), 321-330.

[14] A. Kristály, Cs. Varga A note on minmax results for continuous functionals, Studia Univ. ”Babeş-Bolyai” , Mathematica, vol.XLIII, No.3(1998), pp.35- 57. [15] N. K. Ribarska, Ts. Y. Tsachev, M. I. Krastnov, Deformation lemma on C^1- Finsler manifold , Serdica Math. Journal, 21 (1995), 1-28.

[16] N. Ribarska, T. Tsachev, M. Krastanov, Deformation lemma, Ljusternik- Schnirellmann theory and mountain pass theorem on C^1- Finsler manifolds, Serdica Math. J. 21 (1995), 239-266.

[17] N. K. Ribarska, Ts. Y. Tsachev, M. I. Krastnov, Speculation about mountains, Serdica Math. Journal, 22 (1996), 341-358.

[18] N. K. Ribarska, Ts. Y. Tsachev, M. I. Krastnov, The intrinsic mountain pass principle, Topological Methods in Nonlinear Anal., 12 (1998), 309-322.

[19] M. Willem, Minmax theorems, Birkhäuser, 1995.

”Babeş-Bolyai” University Faculty of Mathematics and Informatics 3400 Cluj-Napoca Romania

E-mail address: akristal@math.ubbcluj.ro csvarga@cs.ubbcluj.ro